Abstract-In this work, a theoretical analysis on the design of the beam splitter (BS) based on the frustrated total internal reflection (FTIR) is made. We consider a model structure made of a lowindex gap layer bounded by two high-index layers. In the design of a 50/50 BS, we find that there exists a critical gap thickness which is a decreasing function of the angle of incidence for both T E and T M waves. There also exists a critical wavelength for the incident wave, and it increases with increasing angle of incidence. Finally, at a fixed gap thickness and wavelength of incident wave, the critical angle in T E wave is slightly larger than that of T M wave. The analysis provides some fundamental information that is of particular use to the design of a BS within the framework of FTIR.
INTRODUCTION
Total internal reflection (TIR) is an optical phenomenon which occurs when a wave is incident at an angle greater than the critical angle from denser medium n 1 onto a rarer medium n 2 , with n 1 > n 2 . Under TIR, the incident wave is completely reflected because the transmitted wave is evanescent and no power transmitted into medium 2. An important and fundamental property of the reflected wave is the occurrence of the Goos-Hanchen shift [1] . TIR is known as the main mechanism for the wave transmission in the optical fiber. In practical application, an additional medium 3 of refractive index n 3 > n 2 is introduced to limit region 2 in space 0 < x < d 2 , as illustrated in the lower panel of Figure 1 . If the thickness of medium 2 is small enough, then it is possible to have a transmitted wave in medium 3, leading to the socalled optical tunneling. In this case, total internal reflection does not hold again, and reflectance is forced to be less than unity. As a result, we have the so-called frustrated total internal reflection (FTIR) [2] . Experimental verification of FTIR is available [3] . A novel reflective image display based on the use of FTIR is available [4] .
Based on the use of FTIR, in this work, we shall develop the theory of beam splitter (BS). Beam splitters (BSs), for which both the transmitted and reflected beams are equally important to be utilized, are essential optical components which are widely used in optical instruments, lasers, electro-optic displays, optical recording, etc. [5] . They can also be used in polarization-based optical systems such as the ellipsometers, magneto-optic data storage devices, and free-space optical switching networks [6] [7] [8] [9] . A block diagram of BS is sketched in the upper panel of Figure 1 , where it has an input and two outputs. The input optical beam has a intensity of I i , and the two outputs have the intensities I o,1 and I o,2 , respectively. Our goal is to design a 50/50 BS, i.e., I o,1 = I o,2 = 0.5I i . The one-input and two-output Figure 1 . The block diagram of a BS (upper panel) and its model structure based on the FTIR (lower panel). Here, n 1 > n 2 , n 3 > n 2 , and the thickness of low-index layer is d 2 .
system is modeled as a FTIR structure in the lower panel of Figure 1 , where the input beam has a unit power, and the two outputs of BS are represented by reflectance R and transmittance T , respectively. In fact, the relationships between R, T and I i , In what follows, we first present a general theoretical description on the calculation of response functions R and T , including T E and T M waves as well. Next, we limit to the practical case where the angle of incidence is taken at 45 • together with n 1 = n 3 . Explicitly analytical expressions, which are of use to determine the gap width and/or wavelength of the incident wave, are derived for both T E and T M waves in a 50/50 BS. Then, we give analytical results on the response functions R and T as functions of gap width, wavelength of the incident wave, and the angle of incidence. The results demonstrate how a 50/50 BS can be achieved by suitably selecting the parameters, such as the gap width, the wavelength of the incident wave, and the angle of incidence.
BASIC EQUATIONS
Let us consider the model structure in the lower panel of Figure 1 , in which the low-index layer n 2 is bounded by two high-index layers of n 1 and n 3 , i.e., n 1 > n 2 and n 3 > n 2 . It is worth mentioning that, in order to achieve FTIR, the thickness of low-index layer 2 (also called the gap layer) d 2 must be much less than the wavelength of the incident wave. The incident wave, the input signal, is launched in medium 1 at an angle of incidence θ 1 which has to be greater than the critical angle θ c = sin
(n 2 /n 1 ). The two output signals are taken to the reflected and transmitted waves which have the response functions represented by reflectance R and transmittance T , respectively. The system can work as a 50/50 BS only when the condition, R = T = 0.5, occurs. With a half power in each splitting beam, the 50/50 BS is also referred to as a 3-dB BS.
To determine the response functions of R and T , we shall use the transfer matrix method (TMM) [2] . The TMM has been known as an elegant method and widely employed to the study of layered structures, including metamaterials [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . In describing the TMM formulae, the temporal part is assumed to be exp (jωt) for all fields. For a three-medium system in Figure 1 , the total system matrix is expressed as
where the dynamical matrix D i (i = 1, 2, 3), is written as
for T E wave, and
for T M wave, respectively. The propagation matrix P 2 in Equation (1) for the gap layer 2 takes the form
where d 2 is the thickness of layer 2 and the wave number k 2 = n 2 ω cos θ 2 /c. The ray angles θ 2 and θ 3 are related to the incident angle θ 1 by the Snell's law of refraction, i.e.,
Having obtained the matrix elements in Equation (1), the reflection and transmission coefficients can be calculated by the following equations, namely
The corresponding reflectance R and transmittance T are thus given by
By direct manipulation in Equation (1), expressions for the matrix elements M 11 and M 12 can be obtained, with the results,
for T M wave, respectively. Before presenting the analytical results for the design of a 50/50 BS, let us consider a practical case, i.e., θ 1 = 45 • , and n 1 = n 3 . With θ 1 > θ c , sin θ 2 > 1, cos θ 2 is thus complex-valued and takes the form,
In this case, explicitly analytical expressions for reflectance and transmittance can be obtained, namely
for T M wave, where
where k 0 = ω/c with c being the speed of light in vacuum. For obtaining 50/50 beam splitting, it is required to have T T E,T M = 0.5, which in turn leads to
and sinh(βd 2 ) = 2α
according to Equations (15) and (17), respectively. Equation (19) agrees with the recent report by Drevko and Zyuryukin [20] . Equations (19) and (20) are simple and of particular use in determining the gap width d 2 of the low-index layer 2 and/or the wavelength of incidence wave when the angle of incidence is fixed at 45 • .
NUMERICAL RESULTS AND DISCUSSION

Determination of Gap Thickness for 50/50 BS
Let us now present the analytical results for the design of a 50/50 BS. We take n 1 = n 3 = 1.5 (glass) and n 2 = 1. The critical angle is thus calculated to be θ c = sin
(1/1.5) = 42 • . We first fix the wavelength of the incident wave at λ = 500 nm. We explore the critical thickness of the gap layer 2 under different angles of incidence. In Figure 2 for T E wave and 0.38 (45 • ), 0.12 (60 • ), 0.05 (75 • ) for T M wave, as can also be seen in Table 1 . The critical thickness decreases with the increase in the angle of incidence for both T E and T M waves. In fact, the critical thickness d c /λ = 0.26 at 45 • in T E wave can be easily found by Equation (19) . Similarly, d c /λ = 0.38 for T M wave agrees with Equation (20) . Table 1 gives some values of critical thickness at some selected angles of incidence for both T E and T M waves. These values are summarized in Figure 3 . Some features are of note. First, at angle near the critical angle (42 • ), the critical thickness for obtaining BS in T M wave is greater than that in T E wave. Second, it is of interest to see that both have a crossover at θ 1 = 52.6 • , and d c /λ = 0.21 (indicated by two gray arrows). At this crossing point, both T E and T M waves of incidence can equally make the system work as a 50/50 BS. This special point enables us to obtain two circularly polarized splitting beams by launching an incident wave of circular polarization. Third, at an angle larger than 52.6 • , the critical thickness for T E wave is larger than that in T M wave.
Determination of Wavelength for 50/50 BS
We next fix the gap thickness at 0.2λ 0 (λ 0 = 500 nm). We plot the R and T in the wavelength domain (from 100-1200 nm) from which a 50/50 BS can be obtained at a critical wavelength λ c which is indicated by the vertical arrow. The results are shown in Figure 4 . It can be seen from the figure that λ c increases fast with increasing angle of incidence for both T E and T M waves. In addition, based on the curve of transmittance, the system can be regarded as a low-pass filter since it transmits long wavelength only. Moreover, it should be mentioned that, in T M wave, we show the results of R and T at 65 • rather than at 75 • because the crossover point is far more than 1200 nm at 75 • , out of the range of Figure 4 . Some values of λ c are given in Table 2 , and its increasing trend with the angle of incidence is shown in Figure 5 . We see that both treads in T E and T M waves have a crossover at θ 1 = 51.8 • at which λ c = 478 nm. This crossover point can be applied to preserve the polarization state for the two splitting beams when the incident wave has a state of circular polarization.
Determination of Angle of Incidence for 50/50 BS
Finally, we fix the gap thickness at d 2 = 0.2λ 0 (λ 0 = 500 nm) and wavelength of the incident wave at 500 nm. The calculated R and T Table 2 . The calculated critical wavelength at some selected angles of incidence for both the T E and T M waves. as a function of the angle of incidence are shown in Figure 6 . It is seen that a 50/50 BS can be obtained at a critical angle θ c . In T E wave, θ c = 53.8 • , and it is 52.5 • for T M wave, i.e., at the same gap thickness and wavelength, the critical angle for T E wave is slightly larger than that of T M wave.
CONCLUSION
Based on the use of the frustrated total internal reflection, a theoretical analysis on the design of a 50/50 beam splitter has been made. According to the above analyses, some conclusions can be drawn. First, at a fixed wavelength of incident wave, the gap thickness in the lower-index layer decreases with the increase in the angle of incidence. Second, at a fixed gap thickness, there exists a critical wavelength for beam splitting. This critical wavelength increases with increasing angle of incidence. Finally, at a fixed wavelength and a fixed gap thickness, the angle of obtaining 50/50 beam splitter in T E wave is slightly larger than that in T M wave. 
